Abstract. We work in the smooth category. Let N be a closed connected n-manifold and assume that m > n + 2. Denote by Emb m (N) the set of embeddings N → R m up to isotopy. The group Emb m (S n ) acts on Emb m (N) by embedded connected sum of a manifold and a sphere. If Emb m (S n ) is non-zero (which often happens for 2m < 3n + 4) then no results on this action and no complete description of Emb m (N) were known. Our main results are examples of the triviality and the effectiveness of this action, and a complete isotopy classification of embeddings into R 7 for certain 4-manifolds N. The proofs are based on the first author's modification of surgery theory and on construction of a new embedding invariant.
Introduction
Knotting Problem for 4-manifolds. This paper is on the classical Knotting Problem: given an n-manifold N and a number m, describe isotopy classes of embeddings N → R m . For recent surveys see [RS99, Sk06] . We work in the smooth category. Let Emb m (N ) be the set of embeddings N → R m up to isotopy.
The Knotting Problem is more accessible for 2m ≥ 3n + 4.
The Knotting Problem is much harder for 2m < 3n + 4 :
if N is a closed manifold that is not a disjoint union of spheres, then no concrete complete descriptions of isotopy classes was known, in spite of the existence of interesting approaches [Br68, Wa70, GW99] . (See though [Sk06', Sk06"]; for rational and piecewise linear classification see [CRS] and [Hu69, §12, BH70, Vr77, Sk97, Sk02, Sk05, Sk06"], (Here the equality sign between sets denotes the existence of a bijection; the isomorphism sign denotes the existence of a geometrically defined group structures and a group isomorphism; see references in [Sk06, §2, §3]; cf. [Sk05] for PL embeddings of general 4-manifolds in R 7 .) One of the main results of this paper is a complete concrete classification of embeddings of closed simply-connected 4-manifolds into R 7 , see the Triviality Theorem (b) below.
Main results.
Let C m−n n := Emb m (S n )
with the group structure defined in [Ha66] . By [Ha61, Ha66, Corollary 6.6, Sk06, §3], C m−n n = 0 for 2m ≥ 3n + 4.
However, C m−n n = 0 for many m, n such that 2m < 3n + 4, e.g. C (This differs from the Zeeman-Stallings Unknotting Theorem: for m ≥ n + 3 any PL or TOP embedding S n → S m is PL or TOP isotopic to the standard embedding.) Now assume that N is a closed n-manifold and m ≥ n + 3. The group C m−n n acts on the set Emb m (N ) by connected summation of embeddings g : S n → R m and f : N → R m whose images are contained in disjoint cubes (since m ≥ n + 3, the connected sum is well-defined, i.e. does not depend on the choice of an arc between gS n and f N ). Various authors have studied analogous connected sum action of the group of homotopy n-spheres on the set of n-manifolds topologically homeomorphic to given manifold [Le70] .
The quotient of Emb m (N ) modulo the above action of C m−n n is known in some cases (in those cases when this quotient coincides with Emb m P L (N ) and when the latter set was known [Hu69, §12, Vr77, Sk97, Sk02, Sk05, Sk06"]). Thus in these cases the knotting problem is reduced to the description of the above action of C m−n n on Emb m (N ). For m ≥ n + 3, C m−n n = 0 and N not a disjoint union of spheres no results on this action were known (see though [Sk06', Sk06"] , for rational classification see [CRS] ; for m = n + 2 see [Vi73] ).
The main results of this paper are the following examples of the triviality and the effectiveness of the above action for embedings of 4-manifolds into R 7 . We omit Z-coefficients from the notation of (co)homology groups. Denote by P D : H i (Q) → H q−i (Q, ∂Q) and P D : H i (Q) → H q−i (Q, ∂Q) Poincaré duality (in any qmanifold Q).
The Triviality Theorem. Let N be a closed connected smooth 4-manifold such that H 1 (N ) = 0 and the signature σ(N ) of N is free of squares (i.e. is not divisible by the square of an integer s ≥ 2).
(a) For each embeddings f : N → R 7 and g : S 4 → R 7 the embedding f #g is isotopic to f (although g could be non-isotopic to the standard embedding).
(b) There is a 1-1 correspondence BH : Emb 7 (N ) → {x ∈ H 2 (N ) | x mod 2 = P Dw 2 (N ), x ∩ x = σ(N )}.
E. g. the manifold N = CP 2 satisfies to the assumption of the Triviality Theorem. So we obtain that Emb 7 (CP 2 ) is in 1-1 correspondence with {+1, −1} ∈ Z ∼ = H 2 (CP 2 ). One can check that +1 corresponds to the standard embedding [BH70,  The Effectiveness Theorem. Let N be a closed smooth 4-manifold such that ΣN retracts to ΣN 0 . Let f 0 : N → R 7 be an embedding such that f 0 (N ) ⊂ R 6 (thus N is embeddable into R 6 ). Then for each non-isotopic knots g 1 , g 2 : S 4 → R 7 the embedding f 0 #g 1 is not isotopic to f 0 #g 2 .
We have that ΣN retracts to ΣN 0 if N is spin simply-connected [Mi58] , or if N = S 1 ×S 3 [Po85, Lecture 6], or if N is a connected sum of manifolds with this property. It would be interesting to know whether ΣN retracts to ΣN 0 for any spin 4-manifold N .
Remark. Let N be a closed connected orientable smooth 4-manifold. Then the following conditions are equivalent:
(1) N is embeddable into R 6 ; (2) w 2 (N ) = 0 and σ(N ) = 0. (3) the normal bundle of each embedding f : N → S 7 is trivial; For simply-connected N each of these conditions is equivalent to (4) the intersection form of N is that of # i (S 2 × S 2 ); (5) N is homotopy equivalent to # i (S 2 × S 2 ); (6) N is topologically homeomorphic to # i (S 2 × S 2 ).
Proof.
(1) is equivalent to (2) by [GS99, Theorem 9.1.21 and Remark 9.1.22, cf. CS79, Ru82]. (2) is equivalent to (3) by the Dold-Whitney Theorem [DW59] (see details in the Normal Bundle Lemma in §3).
By the Whitehead and the Freedman Theorems, (4) is equivalent to (5) and (6). Clearly, (4) implies (2). For simply-connected N (2) implies that the intersection form of N is indefinite and even, so (4) holds by [Ma80, Theorem 1.9.2].
Ideas of proof.
The Effectiveness Theorem is proved in §2 (cf. the Non-triviality Theorem in §2). The proof is based on the construction of a new attaching invariant for certain embeddings N → R m , generalizing the Haefliger-Levine attaching invariant of knots S n → R m . The proof of the Triviality Theorem is based on the following idea, which could be useful not only in these dimensions [Sk06'] and not only to describe the action of C m−n n on Emb m (N ) [FKV87, FKV88] . From now on, unless otherwise stated, we assume that N is a closed connected orientable 4-manifold and f : N → R 7 is an embedding. Denote by C f the closure of the complement in S 6 ⊃ R 6 to a tubular neighborhood of f (N ), ν = ν f : ∂C f → N the restriction of the normal bundle of f . An orientation-preserving diffeomorphism ϕ :
The following classical result reduces the knotting problem to the boundary case of the Diffeomorphism Problem.
Embeddings f, f ′ : N → R m are isotopic if and only if there is an isomorphism ϕ :
So results on the Diffeomorphism Problem can be applied to Knotting Problem. In this way there were obtained embedding theorems in terms of Poincaré embeddings [Wa70] . But 'these theorems reduce geometric problems to algebraic problems which are even harder to solve' [Wa70] . One of the main problems is that the homotopy type of C f is a complicated invariant which is hard to work with (and which is often unknown even if the classification of embeddings is known). The main idea of our proof is to apply the modification of surgery [Kr99] which allows to classify m-manifolds using their homotopy type only up to dimension m/2.
In particular, we reprove that C 3 4 ∼ = Z 12 . In the first subsection of §2 we we present well-known definition of the attaching invariant a : C 3 4 → Z 12 . This subsection is formally not used later in §2, where we generalize this definition. In §3 we give a new proof of its injectivity based on [Kr99] . Otherwise §2 and §3 are independent on each other.
The Triviality Theorem (a) follows by the Boéchat-Haefliger Theorem (a), the Complement Lemma of the next subsection and the following result, which is the new and the most important part of the proof.
The Primitivity Theorem (a). Let N be a closed connected smooth 4-manifold and f : N → R 7 and embedding such that π 3 (C f ) = 0 (and hence H 1 (N ) = 0). Then for each embedding g : S 4 → R 7 the embedding f #g is isotopic to f .
The Boéchat-Haefliger invariant.
The homology Seifert surface for f is the image A f of the fundamental class [N ] under the composition H 3 (N ) → H 2 (C f ) → H 4 (C f , ∂C f ) of the Alexander and Poincaré duality isomorphisms.
Define the Boéchat-Haefliger invariant
by setting BH(f ) to be the image of
of the Poincaré and Alexander duality isomorphisms. This new definition is equivalent to the original one [BH70] by the Euler Class Lemma of §3.
The Boéchat-Haefliger Theorem. Let N be a closed connected smooth orientable 4-manifold.
(b) If H 1 (N ) = 0, then two embeddings N → R 7 with the same BH-invariant differ by a connected sum with an embedding S 4 → R 7 . The Triviality Theorem (b) follows from the Triviality Theorem (a) and the Boéchat-Haefliger Theorem. The Triviality Theorem (a) is implied by the Boéchat-Haefliger Theorem (b) and the following result, which is implied by the Primitivity Theorem (a) and the Complement Lemma.
The Primitivity Theorem (b). Let N be a closed connected smooth 4-manifold such that H 1 (N ) = 0. If y ∈ H 2 (N ) is primitive (i.e. there are no integers d ≥ 2 and elements x ∈ H 2 (N ) such that y = dx), then the BH −1 y consists of 0 or 1 elements.
Proof (see a direct proof in §4). By general position C f is simply-connected. Since H 1 (N ) = 0, by Alexander duality we have
The following statement is implied by 'homology decomposition of Eckman-Hilton' [EH59] . If Y is a finite simply-connected cell-complex such that
). This imples the Complement Lemma. Let G q be the space of maps
The space G q is identified with a subspace of G q+1 via suspension. Let G = ∪ q G q , SO = ∪ q SO q and G/SO = ∪ q G q /SO q . The base points are the identity map or its class.
By * we denote the base point of any space.
The Haefliger-Levine attaching invariant of knots.
Construction of the attaching invariant a : C 3 4 → π 4 (G 3 ). Take a smooth embedding f : S 4 → S 7 . The space C f is simply-connected and by Alexander duality the inclusion S 2 f → C f induces an isomorphism in homology. Hence this inclusion is a homotopy equivalence. Take a homotopy equivalence h f homotopy inverse to the inclusion S 2 f → C f . We may assume that h f is a retraction onto S 2 f . Since orientations of S 7 and of S 4 are fixed, the homotopy class of h f depends only on f .
Since e(ν) = 0, it follows that there is a section of ν = ν f . Since H i+1 (S 4 ; π i (S 1 )) = 0, it follows that a section of ν can be extended to a framing ξ :
The attaching invariant a(f, ξ) is the homotopy class of the composition
2 , the map a(f, ξ)| x×S 2 is a homotopy equivalence of degree +1 for each x. Hence a(f, ξ) ∈ π 4 (G 3 ).
The choise of a framing ξ is in π 4 (SO 3 ). Since the composition π 4 (SO 3 ) → π 4 (G 3 ) → π 4 (G 3 ) is trivial, it follows that the image a(f ) ∈ π 4 (G 3 ) of a(f, ξ) does not depend on ξ. This class a(f ) is called the attaching invariant of f .
Clearly, a : C 3 4 → π 4 (G 3 ) is a homomorphism. The injectivity of a is proved in §3. The surjectivity of a can be proved analogously, cf. [Fu94] . We prove the following well-known lemma because we could not find the proof in the literature. Ha66 , the text before Corollary 6.6].
Proof that π 5 (G/SO) = 0 and π 4 (G/SO) ∼ = Z. Consider the Barratt-Puppe exact sequence of the pair (S n × S q−1 , S n × * ) and maps to S q−1 (with base points). Recall that
] from the exact sequence is a 1-1 correspondence. Hence homotopy classes of maps S n × S q−1 → S q−1 identical on * × S q−1 are in 1-1 correspondence with π n+q−1 (S q−1 ). This 1-1 correspondence gives an isomorphism π n (G) ∼ = π n+q−1 (S q−1 ) ∼ = π S n . Consider the exact sequence of pair
We obtain that π 5 (G/SO) = 0 and π 4 (G/SO) is isomorphic to a subgroup of π 3 (SO) ∼ = Z having a finite index, i.e. to Z.
Proof that π 4 (G 3 ) ∼ = π 6 (S 2 ). Let F q be the space of maps S q → S q of degree +1 leaving the north pole fixed. Consider the fibration F 2 → G 3 → S 2 and its subfibration SO 2 → SO 3 → S 2 . We obtain the following diagram
. The last isomorphism follows analogously to the first paragraph of the previous proof.
Proof of the Effectiveness Theorem and a generalization.
The following lemmas are proved using standard arguments (see the proof of the Retraction Lemma in the next subsection).
Retraction Lemma. Let N be a closed connected orientable 4-manifold, f : N → R 7 an embedding and ξ :
of ξ * and the restrictions is trivial for each s > 0. Then there is a unique (up to homotopy relative to
and f : N → R 7 an embedding isotopic to f 0 #g. Then there is a framing ξ : N 0 × S 2 → ∂C f such that the composition of the section ξ 1 : N 0 → ∂C f 0 (formed by third vectors of the framing ξ) with the inclusion
Proof of (a). Any embedding N → R 6 has trivial normal bundle. Thus f 0 has a framing ξ : N 0 × S 2 → ∂C f 0 such that the section ξ 1 : N 0 → ∂C f 0 formed by third vectors is orthogonal to R 6 . Then the composition of ξ 1 with the inclusion ∂C f 0 ⊂ C f 0 is null-homotopic. We may assume that f = f 0 #g, f | N 0 = f 0 | N 0 and f (N − N 0 ) misses the trace of the null-homotopy. Hence ξ is the required framing.
Proof of (b). Given a framing
Since the inclusion SO 3 ⊂ SO induces a multiplication by 2 on π 3 , it follows that O equals to twice the obstruction to extension of ξ to a stable framing of ν f . Hence ±O = p 1 (N ) = 3σ(N ) = 0 [Ma80, argument before Lemma 1.15].
Proof of the Effectiveness Theorem. Take a framing given by the Extension Lemma (a). Extend it to a framing ξ of f by the Extension Lemma (b). Take the retraction r = r(ξ| N 0 ) given by the Retraction Lemma.
We may assume that a(f, ξ)| * ×S 2 = id S 2 and so a(f, ξ)| x×S 2 is a homotopy equivalence of degree +1 for each x.
The choise of a framing ξ is in [N,
This class a(f ) is called the attaching invariant of f .
We have N/N 0 ∼ = S 4 . Consider the Barratt-Puppe exact sequence of sets of based homotopy classes:
By the Retraction Lemma a(f, ξ)| N 0 ×S 2 is homotopic to the projection onto S 2 . Thus a(f, ξ) is in the kernel of the restriction-induced map [N,
Since ΣN retracts to ΣN 0 , it follows that ΣR is surjective, so by exactness v −1 ( * ) = 0. Since v is also an action, it follows that v is injective. Define
(This is proved in [Ha66] or at the beginning of §3.)
The Non-triviality Theorem. Let N be a homology n-sphere, n ≥ 3 and suppose that Σ ∞ : π n+2 (S 2 ) → π S n is not injective. Then for any embedding f : N → R n+3 there is an embedding g : S n → R n+3 such that f #g is not isotopic to f .
Proof. Analogously to the construction of the attaching invariant we construct h f : C f → S 2 f and take a framing ξ of ν f . The next part of the argument is completely the same as the second, third and fourth paragraphs of the proof of the Effectiveness Theorem. Since N is a homology sphere, ΣN 0 is contractible. Therefore v is a 1-1 correspondence. Now the argument is concluded as in the last paragraph of the above proof. Instead of using the injectivity of a S 4 we use the exact sequence [Ha66, 4.11, cf. Ha86]
where st is the stabilization map. Recall that st equals to the composition
(Indeed, in the following commutative diagram
The assumption of the Non-triviality Theorem holds for each n ≤ 19 except n ∈ {6, 7, 9, 15} [To62, tables] . For n = 3 the Non-triviality Theorem is covered by [Ha72, Ta05] .
Analogously it follows that for any homology n-sphere N the action of
Proof of the Retraction Lemma. The proof is by obstruction theory. In this subsection we assume that n ≥ 2 and omit the coefficients π s (S n ) of the cohomology groups. Denote Of := S 7 − Int C f .
Obstruction Lemma. Let A ⊂ B ⊂ X be a triple of cell complexes.
(a) If the restriction to A of a map f : B → S n extends to X and the sequence
of restrictions is exact for each s, then f itself extends to X. (b) If the restrictions to A of maps f, g : X → S n are homotopic relatively to B and the restriction
is injective for each s, then f and g are homotopic relatively to B.
Proof of (a). Consider the following diagram:
be the obstructions to extension of maps f | A , f and f | * to X. Then by naturality j B o B = 0 and jo B = 0. Hence o B = δ B x for some x ∈ H s (B) such that δ A ix = 0. By the hypothesis i A = ii B = 0. Hence δ A is injective. Thus ix = 0. Therefore by the hypothesis
be the obstruction to homotopy between f and g relative to B. Then by the assumptions d| A = 0 and hence d = 0.
Proof of the existence in the Retraction Lemma.
by the map ξ. By the Obstruction Lemma (a) it suffices to prove that the sequence
induced by restrictions is exact. For s ≥ 6 this holds because all groups are trivial. For s = 4 this holds by exact sequence of the pair (C f , N 0 × S 2 ) because
Here the latter isomorphism follows by the exact sequence of pair (C f , S 2 f ). Now assume that s ≤ 3 or s = 5. Consider the diagram
where all maps are restrictions. Then i ′ is an isomorphism. (Indeed, use the exact sequence of the pair (∂C f , N 0 × S 2 ) and the isomorphism
for s = 3, 5 use the injectivity of
. By the hypothesis of the Lemma ii ′ i 1 = 0. Suppose that x ∈ H s (∂C f ) and ii ′ x = 0. From the Mayer-Vietoris sequence for S 7 = C f ∪ Of we obtain that i 1 ⊕ i 2 induces an isomorphism for s ≤ 5. Then x = i 1 x 1 +i 2 x 2 . Since s = 4, the map ii ′ i 2 is an isomorphism.
Proof of the uniqueness in the Retraction Lemma. By the Obstruction Lemma (b) it suffices to prove that the restriction
is an isomorphism for s = 2. Thus it suffices to prove that i ′ i 1 is injective for s ≥ 3, where we use the diagram (*) from the proof of the existence. From the Mayer-Vietoris sequence for S 7 = C f ∪ Of we obtain that i 1 is injective. Using the exact sequence of the pair (∂C f , N 0 × S 2 ) and the isomorphism (**) from the proof of the existence we see that i ′ is injective for s = 4. For s = 4 consider the following commutative diagram:
Here the unnamed vertical maps are the restrictions and the excision. The map δ 1 is an isomorphism by the exact sequence of (
Proof of the Primitivity Theorem (a)
Proof of the Primitivity Theorem (a) modulo some lemmas. A map is called an m-equivalence if it induces an isomorphism on π i for i < m and an epimorphism on π m .
Denote by BO m the (unique up to homotopy) (m − 1)-connected space for which there exists a fibration p : BO m → BO inducing an isomorphism on π i for i ≥ m. (In [Kr99, Definition of k-connected cover on p. 712] X k should be replaced to X k + 1 .)
For a fibration π : B → BO denote by Ω q (B) the group of bordism classes of liftings µ : Q → B of the stable Gauss map (i.e. classifying map of stable normal bundle) µ : Q → BO, where Q is a q-manifold embedded into R 3q . This should be denoted by Ω q (π) but no confusion would appear. (This group is the same as Ω q (B, π * t) in the notation of [Ko88] .)
For an isomorphism ϕ denote
The Reduction and the Agreement Lemmas below are proved in the next subsections. Reduction Lemma. Let q be an even integer, 4 ≤ n ≤ 2q − 4 and N a closed connected n-manifold. Embeddings f, f ′ : N → R 2q−1 are isotopic if for some isomorphism ϕ : ∂C f → ∂C f ′ and some embedding M ϕ → S 4q there exist a space C, a map h : M ϕ → C whose restrictions to C f and to C f ′ are q-equivalences, and a lifting l : M ϕ → BO q + 1 of the Gauss map µ : M ϕ → BO such that
2 . Using obstruction theory we obtain a lifting l : M ϕ → BO 5 (the details are analogous to the construction of l 1 in the proof of the Primitivity Theorem (a) below).
Recall the definition of homotopy equivalences h f : Bordism Lemma. Ω j (BO 5 ) = Z, Z 2 , Z 2 , Z 24 , 0, 0, Z 2 , 0 according to j = 0, 1, 2, 3, 4, 5, 6, 7.
Proof. We have Ω j (BO 5 ) ∼ = Ω f r j for j ≤ 6: for j ≤ 4 because BO 5 is 4-connected and for j = 5, 6 because π j (BO 5 )
Each map Q → BO 5 from a closed 7-manifold Q bordant to a map from homotopy sphere Σ [KM63] . (So Ω 7 (BO 5 ) = i * θ 7 , which is already sufficient for the proof of the Primitivity Theorem (a).) By [KM63, end of §4] Σ is a boundary of a parallelizable manifold, and BO 5 -structure on Σ extends to a BO 5 -structure on this manifold. Thus Ω 7 (BO 5 ) = 0.
Although the following proof of the Primitivity Theorem (a) is based on the same idea as above, the Primitivity Theorem (a) is not a generalization of C Recall that everywhere unless stated otherwise N is a closed connected orientable smooth 4-manifold and f : N → S 7 is an embedding.
Normal Bundle Lemma. ν f does not depend on f . Proof. The lemma follows because ν = ν f is completely defined by its characterictic classes [DW59] . We have e(ν) = 0, w 2 (ν) = w 2 (N ) by the Wu formula and p 1 (ν) = p 1 (N ) by the analogue of the Wu formula for real Pontrjagin classes.
Proof of the Primitivity Theorem (a). Denote f ′ = f #g. By the Normal Bundle Lemma there is an isomorphism ϕ :
Since C f ⊂ S 7 , it follows that the (stable) normal bundle of C f is trivial, so ν| C f is null-homotopic. Therefore ν| C f has a lifting C f → BO 5 . Obstructions to extending this lifting to M ϕ are in
with the coefficients π i (F ). Since H 1 (N ) = 0, these obstructions are zeroes. Thus there is a lifting l 1 : M ϕ → BO 5 .
By the Reduction Lemma for q = 4 it remains to change l 1 to l so that
Consider the Atiyah-Hirzebruch spectral sequence with E 
Hence this differential is non-trivial. Let in : CP 2 → CP ∞ be the standard inclusion and p 5 : BO ∞ → BO 5 the standard map. Since p * 5 : Ω 3 (BO 5 ) → Ω f r 3 is an isomorphism, the map
. By the Realization Lemma below x is represented by a simply-connected 4-submanifold X ⊂ C f . Let OX be a closed tubular neighborhood of X in M ϕ . Denote by D 3 the fiber of the normal D 3 -bundle OX → X. Define a map l : D 3 → BO 5 so that l∪l 1 | D 3 would form a map homotopic to p 5 L (here D 3 is D 3 with reversed orientation). Extend l to a map l :
These obstructions are trivial by the Calculation Lemma below. Hence l extends to a lifting l :
Proof. For i = 1, 3 consider the exact sequence of triple (OX, ∂OX ∪ D 3 , ∂OX):
Here t are the Thom isomorphisms. For i = 1 the statement is clear. For i = 3 the map r is defined by restricting the normal bundle OX → X to a point, therefore r is an isomorphism. This and H 1 (X) = 0 imply that
The Alexander Duality Theorem. Let f : N → S m be an embedding of a closed orientable n-manifold N . The map
is an isomorphism.
This version of Alexander duality is folklore. It holds because AD is the composition of the preimage (=the Thom), the excision and the boundary isomorphisms:
Realization Lemma. Any element of H 4 (C f ) can be realized by an embedded simplyconnected 4-manifold.
Proof. By the Alexander Duality Theorem each class in H 4 (C f ) can be represented by ν −1 (y) for some y ∈ H 2 (N ). The class y is realizable by an embedded sphere with handles M [Ki89, II, Theorem 1.1]. Then we make ν −1 M simply-connected by embedded surgery as follows. If π 1 (ν −1 M ) = 0, then realize a non-trivial element of π 1 (ν −1 M ) by an embedding k : S 1 → ν −1 M . Since C f is simply-connected, it follows that there is an extension k : D 2 → C f of k. By general position we may assume that k Int D 2 ∩ν −1 M = ∅ and k is an embedding. The framing of kS 1 in ν −1 M can be extended to a triple of normal linearly independent vector fields on kD 2 because π 1 (V 5,3 ) = 0. Thus k extends to an embeddingk :
Continuing this procedure we get a simply-connected X.
Proof of the Reduction Lemma. Diffeomorphism Theorem. Let q ≥ 4 be even and W a compact simply-connected 2q-manifold (embedded into S 6q ) whose boundary is the union of compact simply-connected (2q − 1)-manifolds M 0 and M 1 along their common boundary. Let p : B → BO be a fibration andμ : W → B be a lifting of the Gauss map µ : W → BO.
If π 1 (B) = 0 andμ| M 0 ,μ| M 1 are q-equivalences, then the identification ∂M 0 = ∂M 1 extends to a diffeomorphism M 0 ∼ = M 1 #Σ for some homotopy sphere Σ. Cf. [Cr] .
Proof. After surgery below the middle dimension we may assume thatμ : W → B is a q-equivalence. Consider the following diagram.
Consider the intersection pairing ∩ : V 0 ×V 1 → Z and the intersection form ∩ : K ×K → Z. Recall that the latter is even. (Indeed, x ∩ x = w q , x = µ * w q , x = w q , µ * x = w q , p * µ * x = 0 mod 2, wherew q ∈ H q (BO) is the Stiefel Whitney class.) It suffices to prove that there is a submodule U ⊂ K such that U ∩ U = 0, j s | U is injective, j s U is a direct summand, and Since bothμ : W → B and its restriction to M s are q-equivalences and the spaces W, B, M s are simply-connected, it follows that the inclusion induces isomomorphisms
by Lefschetz duality and the exact sequence of pair (W, M s ).
Since bothμ : W → B and its restriction to M s are q-equivalences, mapsμ * andμ * i s on the diagram are surjective. Hence by the Batterfly lemma j s | K is surjective. Thus j s induces an isomorphism j ′ s : V s → K/(K ∩ ker j s ). If j 0 x = 0 then x ∩ y = j 0 x ∩ j 1 y = 0 for each y ∈ K. Since j 1 | K is surjective and (by Poincaré duality) the intersection pairing ∩ : V 0 × V 1 → Z is unimodular, the converse is also true. Hence
Therefore the form on
is divisible by 8. Therefore there is the Kervaire-Milnor framed simply-connected 2q-manifold V such that σ(V ) = −σ(K ′ ) and ∂V is a homotopy sphere. Stable framing on V and mapμ give a mapμ : W ♯V → B. We have ∂(W ♯V ) = ∂W #∂V . Change of W to the boundary connected sum W ♯V has the effect of making direct sum of the line V 0 
Therefore by Lefschetz duality V 0 has trivial torsion. Then K ′ ∼ = V 0 has trivial torsion. Hence the projection K → K ′ has a right inverse ψ. Then U := ψU ′ satisfies to the above four conditions.
Proof of the Reduction Lemma. Denote B := C × BO q + 1 . Since [h × l] = 0, it follows that there is a homotopy (2q − 1)-sphere Σ ′ and a map s : Σ ′ → B such that (h × l)#s is zero-bordant. Take a simply-connected zero bordismμ : W → B of (h × l)#s.
Since is C f simply-connected and h| C f is a q-equivalence, B is simply-connected. Since h| C f and h| C f ′ are q-equivalences and BO q + 1 is q-connected, it follows that
Therefore by the Diffeomorphism Theorem the isomorphism ϕ : ∂C f → ∂C f ′ extends to an orientation-preserving diffeomorphism C f ∼ = C f ′ #Σ ′ #Σ for some homotopy sphere Σ. Since both C f and C f ′ are contained in S 2q−1 , it follows that Σ ′ #Σ ∼ = S 2q−1 . So the isomorphism ϕ : ∂C f → ∂C f ′ extends to an orientation-preserving diffeomorphism C f ∼ = C f ′ . Since any orientation-preserving diffeomorphism of R 2q−1 is isotopic to the identity, it follows that f and f ′ are isotopic.
Proof of the Agreement and the Euler Class Lemmas.
For a section ξ : N 0 → ∂C f we denote by ξ ⊥ the oriented 2-bundle that is the orthogonal complement to ξ in ν f | N 0 . Denote by |·, ·| the distance in N such that B 4 is a ball of radius 2. For a section ξ : N 0 → ∂C f define a map
Euler Class Lemma. If ζ is an unlinked section, then
Proof. Since ζ is unlinked, there is a 5-chain a in S 7 − f N 0 such that ∂a is represented by ζN . We may assume that the support of a is in general position to ∂C f , so 5-chain a ∩ C f and 4-chain a ∩ ∂C f are defined.
Take 5-chain b in S 7 represented by the union of segments f (x)ζ(x), x ∈ N . By
. By pushing out of ν −1 N 0 we may assume that the support of a intersects ν −1 N 0 by ζN 0 . Hence
Identify groups H 2 (N ) and H 2 (N 0 ) by the restriction isomorphism. Then
Here the latter equality holds because the normal bundle of ζ :
Here ν 0 := ν| ν −1 N 0 and the square means intersection square in H 4 (ν −1 N 0 , ν −1 ∂N 0 ); the first equality follows by Alexander duality, cf. [Sk06', the Alexander Duality Lemma]; the latter equality holds because the normal bundle of ζ :
Proof of the Agreement Lemma. Consider the following fragment of the Gysin sequence for the bundle ν = ν f having trivial Euler class:
We see that for each section ζ : N 0 → ∂C f the map
is an isomorphism. By Alexander duality, cf. [Sk06', the Alexander Duality Lemma], ν
There exist unlinked sections ζ and ζ ′ for f and f ′ [HH63, 4.3, BH70, Proposition 1.3, Sk06', the Unlinked Section Lemma (a)]. We have e((ϕζ)
, where the second equality holds by (the first equality of) the Euler Class Lemma.
For sections ξ, η :
where d(ξ, η) ∈ H 2 (N ) is the difference element [BH70, Lemme 1.7, Bo71, Lemme 3.2.b]. Since H 2 (N ) has no 2-torsion, the previous two sentences together with (the first equality of) the Euler Class Lemma imply that the section ϕζ is unlinked for f ′ . Hence by (the second equality of) the Euler Class Lemma
Thus ϕ * ∂A f = ∂A f ′ .
Remarks
(1) The known existence results for closed 4-manifolds N are as follows: (2) If H 1 (N ) = 0, then there are two bundle isomorphisms ν f ∼ = ν f ′ differing on the top cell of ∂C f . In the Primitivity Theorem (a) we prove that each of the two is realizable by an isotopy between f and f ′ .
(3) For each embedding g : S 4 → R 7 the composition of g with the mirror-symmetry R 7 → R 7 is isotopic to −g (i.e to the composition of g with mirror-symmetries of S 4 and of R 7 ). Proof. We use the definition of the strongly unlinked section and the attaching invariant a : C 3 4 → π 4 (G 3 ) from the last subsection of this section. Recall that a is an isomorphism. Change of orientation of S 7 induces change of orientation of S 2 f . Then under such a change the strongly unlinked section remains strongly unlinked. Since the strongly unlinked framing is defined from the strongly unlinked section using orientations of S 4 and of S 7 , it follows that under change of orientation of S 7 the strongly unlinked framing changes orientation at each point. Therefore change of orientation of S 7 carries the attaching invariant a = a(ψ) :
. By σ m : S m → S m we denote the mirror-symmetry. Now identify π 4 (G 3 ) with π 6 (S 2 ) by the G/SO-Lemma. Under this identification id S 4 × σ 2 goes to σ 6 . Then the required relation follows because
Here h 0 : π 6 (S 2 ) → π 6 (S 3 ) is the generalized Hopf invariant, which is an isomorphism inverse to the composition with the Hopf map η ∈ π 3 (S 2 ) [Po85, Complement to Lecture 6, (10)].
(4) From the Compressibility Remark (a) below and the Effectiveness Theorem it follows that for N as in the Effectiveness Theorem we have #BH −1 (0) = 12. Together with the Boéchat-Haefliger Theorem (b) and the Primitivity Theorem (b) this motivates the following conjecture.
For a closed connected 4-manifold N such that H 1 (N ) = 0 an orbit of the action C 3 4 → Emb 7 (N ) (i.e. a non-empty preimage BH −1 (x)) contains GCD(d(x), 12) elements. The equality im(π 6 (S 2 ) → π 6 (C x )) = GCD(d(x), 12) necessary for the proof of the Conjecture follows by [MY] .
(5) In some sense the 'converse' of the Reduction Lemma is true and can be used to construct invariants of embeddings and solve the following problems.
It would be interesting to describe Emb 9 (N ) for closed connected 5-manifold N such that H 1 (N ) = 0. This reduces to description of the fibers of the Whitney invariant Emb 9 (N ) → H 2 (N ; Z 2 ) (which is surjective), i.e. the orbits of the action Z 2 ∼ = C 
The Whitney invariant W : Emb 
Here equalities follow: the first one by the homotopy exact sequence of (Map h f , C f ) because Map h f ≃ CP ∞ , the second one by the Hurewicz theorem, the third one by the homology exact sequence of pair (CP ∞ , C f ) and the fourth one because for the dual map h *
is not a useful model for a complement, cf. proof of the Primitivity Theorem (a)).
From the Primitivity Theorem (b) and the Complement Lemma it follows that under the assumptions of the Primitivity Theorem (b) the number of isotopy classes of smooth embeddings f : N → S 7 for which π 3 (C f ) ∼ = 0 equals to the number of primitive elements in im BH.
(8) The isomorphism AD from the Alexander Duality Theorem in §3 equals to the Part (a) is implied by the following result.
This follows because
Proof of the Faithful Section Lemma (b). Recall the equality (*) from the proof of the Agreement Lemma in §3. Let ζ be an unlinked section for f . Then for a faithful section ξ for f we have
Here the first equality holds by (*); the second equality holds by the Difference Lemma, the third equality holds because ξ is faithful, the fourth equality holds by (the second equality of) the Euler Class Lemma. Since H 2 (N ) has no 2-torsion, together with (*) this implies that a section ξ : N 0 → ∂C f is faithful if and only if P De(ξ ⊥ ) = −P De(ζ ⊥ ). Now the lemma follows by the Euler Class Lemma because e((ϕξ) ⊥ ) = e(ξ ⊥ ).
We conjecture that
The following assertion is proved analogously to [Sk06', the Difference Lemma (c)] (where A 0 is defined).
If f = f ′ on N 0 and ξ : N 0 → ∂C f is a section both for f and f
, where ξ ′ is constructed from ξ and f ′ . This assertion gives an alternative proof of the following statement used in the proof of the Agreement Lemma: if BH(f ) = BH(f ′ ) and H 1 (N ) = 0, then any isomorphism maps an unlinked section of f to that of f ′ .
An alternative proof of the Effectiveness and the Non-triviality Theorems.
The idea is to construct directly the attaching invariant, which can perhaps be useful for generalizations.
For X ⊂ N a section ξ 1 : X → ∂C f is called strongly unlinked, if the composition
A framing ξ of ν| X is strongly unlinked, if the section ξ 1 formed by the first vector of ξ is strongly unlinked.
(This is in some sense analogous to unlinked normal vector field and framing on a knot in S 3 .) (If a section ξ : N 0 → ∂C f is strongly unlinked, then it is faithful. If N is simplyconnected, then the converse also holds because N 0 ≃ ∨S 2 i . If a section ξ : N → ∂C f is strongly unlinked, then its restriction to N 0 is both faithful and unlinked, hence BH(f ) = 0 by the italicized assertion in the proof of the Faithful Section Lemma (b). The same assertion implies that for simply-connected N the existence of a strongly unlinked framing of ν 0 is equivalent to BH(f ) = 0 (and hence to the compressibility of f ). Here the simply-connectedness assumption is essential: take an embedding (
3 ) 1 and (x × S 3 ) 2 are linked, then for any section ξ :
. If ν is trivial, then the obstruction to extending a section ξ :
Thus unlinked or faithful section on N 0 extends to N if and only if BH(f ) = 0.) ) Strongly Unlinked Framing Lemma. If N is simply-connected and f is compressible, then (a) there is a unique strongly unlinked framing ξ f of ν = ν f . (b) each strongly unlinked framing of ν 0 extends to a unique strongly unlinked framing of ν.
The compressibility assumption is necessary for (a) but superfluous for (b). Let ν 0 := ν| N 0 . The Strongly Unlinked Framing Lemma (a) is proved by first constructing a strongly unlinked framing of ν 0 (the Extension Lemma (a) of §2), observing that it is unique (see the details below) and then using the Strongly Unlinked Framing Lemma (b).
Proof of the uniqueness of framings of ν 0 for simply-connected N . Equivalence classes of framings of ν 0 are in 1-1 correspondence with homotopy classes of maps N 0 → SO 3 . Obstructions to homotopy between maps N → SO 3 are in H i (N 0 , π i (SO 3 )). By duality and since π 2 (SO 3 ) = 0 and N 0 /∂N 0 ∼ = N , the latter group is zero for each i. Therefore a framing of ν 0 is unique.
Proof of the Strongly Unlinked Framing Lemma (b). Since f is compressible, σ(N ) = 0. Therefore a strongly unlinked framing of ν 0 extends to a framing of ν by the Extension Lemma (b) of §2. Homotopy classes of such extensions ξ and ξ ′ differ by an element
Moreover, for fixed ξ ′ the correspondence ξ → d(ξ, ξ ′ ) is 1-1. Identify the set F of homotopy classes of such extensions with π 4 (S 2 ) by this 1-1 correspondence. Denote by ξ 1 the section formed by first vectors of ξ and by l(ξ) the homotopy class of
Consider the following diagram:
Here j : S 2 = S 2 f → C f is the inclusion and the bottom line is a segment of the BarrattPuppe exact sequence of (N, N 0 ). We do not know that the diagram is commutative but we know that l(ξ) − l(ξ ′ ). Identify these spaces. Let us prove the the existence of strongly unlinked framing. It suffices to prove that l(ξ) ⊂ im vj * for a framing ξ ∈ F . Since ξ| N 0 is strongly unlinked, l(ξ)| N 0 is homotopy trivial. Therefore vx = l(ξ) for some x ∈ π 4 (C f ). We have x = j * y +z for some y ∈ π 4 (S 2 ) and z ∈ π 4 (∨ i S 4 i ). Since ξ| N 0 is strongly unlinked, ξ 1 | N 0 is faithful. Since BH(f ) = 0 and H 2 (N ) has no torsion, ξ 1 | N 0 is unlinked. So (vx) * = l(ξ) * : H 4 (N ) → H 4 (C f ) is trivial. Thus x * : H 4 (S 4 ) → H 4 (C f ) is trivial. Therefore z = 0. So l(ξ) = vx = vj * y. Let us prove the the uniqueness of strongly unlinked framing. Since ν 0 is trivial, we have w 2 (N ) = 0. Since N is also simply-connected, by [Mi58] it follows that ΣN retracts to ΣN 0 . So r is surjective, hence by exactness v is injective. Since C f ≃ S 2 ∨ (∨ i S 4 i ), we have that j * is injective. So vj * is injective. This implies the uniqueness.
An alternative proof of the Effectiveness Theorem (for simply-connected N ). By the Strongly Unlinked Framing Lemma (a) there is a unique strongly unlinked framing ξ f on N . Take a retraction r f = r(ξ f | N 0 ) given by the Retraction Lemma. The attaching invariant a(f ) is the homotopy class of the composition
Clearly, a(f )| N 0 ×S 2 is homotopic to the projection onto the second factor, a(f )| x 0 ×S 2 = id S 2 and a(f )| N×y 0 is null-homotopic. Such maps are in canonical 1-1 correspondence with elements of π 6 (S 2 ) by the following Homotopy Lemma. So we have a(f ) ∈ π 6 (S 2 ). Now the argument is completed as in the last paragraph of the previous proof ( §2).
Homotopy Lemma. Let n ≥ 3 and N be a closed n-manifold such that ΣN retracts to ΣN 0 . Denote by X the set of homotopy classes of maps a : N × S 2 → S 2 for which a| N 0 ×S 2 is homotopic to the projection onto the second factor, a| x 0 ×S 2 = id S 2 and a| N×y is null-homotopic. Then there is a canonical 1-1 correspondence X → π n+2 (S 2 ).
Proof. Maps N × S 2 → S 2 for which a| x 0 ×S 2 = id S 2 can be considered as maps N → G 3 . Consider the Barrat-Puppe exact sequence of sets:
Since ΣN retracts to ΣN 0 , it follows that r is surjective. So by exactness v −1 ( * ) = 0. Since v is also an action, it follows that v is injective. Therefore v defines a 1-1 correspondence between X and ker p.
Now we use the notation from the diagram in the proof of π 4 (G 3 ) ∼ = π 6 (S 2 ) in §2. Since ∂ factors through π n (SO 2 ) = 0, it follows that ∂ = 0. Hence ker p = im i ∼ = π n (F 2 ) ∼ = π n+2 (S 2 ).
Lemma. For n ≥ 3 and each embedding N n → S n+3 of an n-dimensional homology sphere N there are a unique strongly unlinked section ξ 1,f : N → ∂C f and a unique strongly unlinked framing ξ f of ν (in particular, the normal bundle ν is trivial, cf. [Ke59, Ma59, HH62]).
Proof. The difference elements for sections N → ∂C f are in H i (N, π i (S 2 )). Hence the sections are in 1-1 correspondence with elements of π n (S 2 ). Recall that C f ≃ S 2 . So there is a unique strongly unlinked section ξ 1,f : N → ∂C f . Since H i+1 (N, π i (S 1 )) = 0 and H i (N, π i (S 1 )) = 0, it follows that this section can be uniquely extended to a strongly unlinked framing ξ f of ν.
An alternative proof of the Non-triviality Theorem. Exactly as in the above proof of the Effectiveness Theorem. We only should replace the Strongly Unlinked Lemma by the above Lemma, π 6 (S 2 ) by π n+2 (S 2 ) and the reference to the last paragraph of the previous proof of the Effectiveness Theorem by the reference to the last paragraph of the previous proof of the Non-triviality Theorem.
By the proof of the Effectiveness Theorem in §2, we can weaken the condition N embeds into R 6 and f (N ) ⊂ R 6 to f (N 0 ) ⊂ R 6 with trivial normal bundle and σ(N ) = 0. Since the triviality of the normal bundle imples that w 2 (N ) = 0, by Remarks in §1 the new assumption still implies that N embeds into S 6 . The triviality of ξ * is essential in the Retraction Lemma in §2. Indeed, by the proof of the Complement Lemma in §1 C f ≃ S 2 ∪ BH(f ) (D any embedding f : CP 2 → R 7 the space C f does not retract to S 2 . For any framing ξ we have ξ * = 0 for s = 2 because BH(f ) mod 2 = w 2 (N ) = 0.
